
The application of the multiscale models for description

of the dispersed composites

S.A. Luriea,b,*, P.A. Belova, N.P. Tuchkovab

aInstitute of Applied Mechanics Russian Academy of Sciences, Leninskii pr. 32 a, 119991 Moscow, Russian Federation
bDorodnicyn Computing Centre of the Russian Academy of Sciences, Vavilov st. 40, 119991 Moscow GSP-1, Russian Federation
Abstract

We studied composite materials reinforced by micro-particles. It is assumed that the following physical objects and appropriate local

effects determine the specific properties of composites: cohesion fields and corresponding zones of internal interaction; adhesion interactions,

which determine the peculiarity of interaction of contacting bodies. These effects are important and can define the mechanical properties of

the mediums with developed interface surfaces. In this paper, we use the multiscale continuum model of solids to explain the specific

properties of composite materials with thin structures associated with local interactions of special type between inclusions and a matrix.
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1. Introduction

Special properties of hyperfine structures (micro and

nano-particles, nano-tubes) as well as mechanical properties

of new materials manufactured on the basis of such

structures are of great theoretical and practical interest and

thus need to be explained. In the publication [1], the variant

of the nanoscale continuum theory was elaborated on the

bases of the notion of interatomic potentials of materials in

the framework of the continuum mechanics. This continuum

theory allowed us to describe internal interactions on the

level of nanometers and may be used to construct a model of

deformation of carbon single-wall nanotubes (SWNT).

Recently, in the paper [2], similar model was used for the

developing of constitutive models for SNWT-reinforced

polymer composites. This model is an outgrowth of the

equivalent-continuum modeling technique and takes into

account the discrete nature of atomic interactions for

distances of nanometers. Other approach based on the

higher-order continuum theory was developed in Ref. [3];
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this approach takes into consideration the dependence of

plastic deformation over the micron- and submicron-range.

Recently, in the papers [4 and 5], the generalized continuum

model with kept dislocations was developed. The math-

ematical statement of the model was given. This statement

may be considered as the generalization of the Cosserat

theory of pseudo-continuums. Generally, the model pre-

sented allows to describe local-cohesion interactions [4] and

superficial effects [5].

Within the framework of the continuum theory

presented, non-classical effects in the fracture mechanics,

the theory of thin films, and the mechanics of filled

composite materials were explained. In particular, the

mathematical verification for the hypothesis of the

cohesion field in fracture mechanics was proved [4].

The solution for a non-singular crack and the relationships

between the non-classical parameter of the model and

conventional parameters of the fracture mechanics were

found. Therefore, in what follows, the effects associated

with the non-classical constant will be named the cohesion

effects.

In the theory of thin films, the following non-classical

effects were explained [6,7]: (i) the increasing of a film

rigidity with the reduction of its thickness; (ii) the

delamination of a film out of the substrate of an indenter;

(iii) the delamination of a substrate with thin rigid covering.
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In the mechanics of the filled composites, the hypothesis of

an interphase layer was mathematically proved. The non-

classical effect of reinforcing of composite materials was

modeled in the case of the reduction of the size of inclusions

at a constant inclusion volume fraction [4,5].

The phenomenon of strengthening of composite

materials with nano-inclusions is also of great interest.

It is known that the presence of small amount of nano-

tubes results in the increase of the Young’s modulus. This

increase may be significant. It was reported that the

presence of 0.5% (volumetric) of nano-tubes results in

increase of the Young’s modulus up to 40% [8]. The well-

known solution [9] used for calculating effective proper-

ties of composite yields systematic error that result in

underestimating the influence of the inclusions. The

relative value of this error seems not to exceed 10%,

but became more significant for small concentration of

relatively short fibers. Despite this underestimating, the

pure influence of nano-inclusions itself may not explain

all cases of increase of elastic moduli of the composite

[8]. Hence, it is necessary to take into account the

influence of the third (intermediate) phase to the increase

of elastic moduli.

Mechanical properties of composite materials can be

explained mainly by uncommon inherent properties of the

thin structures, and peculiarities of the interactions

between the particles and the matrix at their contact.

Influence of third phase to the effective properties of the

composite has to be taken into accounts. The following

problem may be formulated. Knowing mechanical and

geometrical properties of all the phases, it is necessary to

estimate the properties of the third phase and to calculate

its effective properties. In the given work, for solving of

the specified problem and prescription of composites

reinforcement due to scale effects, it is proposed to use a

variant of the model developed in Refs. [4 and 5]. It is

proposed to consider the particular model at modeling and

to take into account only interactions of cohesion type.

The parameters of the model determining the account of

non-classical effects in filled composites are defined from

experimental data.
2. Mathematical statement and governing equations
of model

It is assumed that the following physical objects and

appropriate local effects may determine the uncommon

properties of materials: cohesion fields and a zone of an

internal interaction determined by them, which determine

the peculiarity of the interaction of contacting bodies. It is

suggested to use the correct consistent models built in

accordance with the mathematically approved mechanical

models [4,5]. Such models should satisfy the following

requirements. (i) The models describe the behavior of the

deformed media by taking into account the scale effects.
Therefore, a set of the physical parameters of the models

includes constants of various dimensions. (ii) The models

of deformations are consistent and correct. The equilibrium

equations coincide with the Euler equations and the

boundary conditions follow from the natural boundary

conditions. (iii) The generalized models of deformations

taking into account the scale effects may not contradict to

the classical models, and have to include them as a limiting

case. Hence, the solution corresponding to the improved

model in the form of decomposition into the fundamental

system includes the terms corresponding to the classical

solutions.

A new variant of the kinematic variational principle [4,5]

was proposed to construct the governing equations and to

formulate a mathematical statement for the consistent

models, which are to satisfy the conditions mentioned

earlier. The expression for the virtual work due to the

internal forces is written, spectrum of the internal forces is

to be determined by the undetermined Lagrange coefficients

corresponding to the introduced kinematics restrains. The

following system of the kinematical equations was con-

sidered as kinematical constrains: (i) the Cauchy relation-

ships for distortion tensor; (ii) the conditions are known as

the non-homogeneous Papkovich’s equations. As a result, a

model for a continuum with non-free deformations was

obtained. Note that it is defects (dislocations) preserving

continuum theory. Generally, this variation technique

allows us to describe the scale effects of various types

corresponding to exponential changeability and various

nature of interaction.

Recall that the purpose of this work is the description of

non-classical reinforcement effect for the filled composites

with taking into consideration the interactions of local

cohesion type at the bound of two phases. Thus, in this

work, the interactions of superficial adhesion types [4] are

not considered. Nevertheless, it is shown that cohesion

interactions define properties of an interphase layer in the

filled composites. To describe the cohesion interactions in

materials in the framework of the general dislocations

preserving continuum theory, the particular variant of the

model of pseudo-continuum with symmetric stress tensor

was proposed [5]. The variation statement of this model is

based on the following variational equation for the Lagrange

functional, L:

dL Z 0; L Z A K
1

2

ððð
2mgijgij C

2m

3
Cl

� �
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�
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ð2m ClÞ2

C
qiqi

�
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Here, Ri are the components of the displacement vector,

gij and q are the components of the deviator of strain and

spherical deformation tensor, uk are the components of the

rotation vector, 4ijk is the Levi-Civita tensor, dij is the

Kronecker delta,
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m, l are the Lame coefficient, and C is the physical

constant that determine the cohesion interactions.

It is worth emphasizing that the model proposed contains

only one new physical constant C as compared to the classical

theory of elasticity. This constant has the dimensions that

differ from the dimensions of the Lame coefficients, and

differs from them on a square of length. In the work [5], it was

shown that the constant C is related to conventional

parameters of the fracture mechanics for a brittle material.

In the given work, material mechanical and geometrical

characteristics of an interphase layer will be defined with the

help of this constant model for each of phases in a composite.

The considered variant of statement of the variational

Eq. (1) gives us the following mathematical formulation of

the continuum theory which takes into account the

interactions of cohesion type [4]:ððð
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D is the Laplace operator, PV
i is the vector of density of

the external loads over the body volume, PF
i is the vector of

density of the surface load, ni are the components of the

normal vector of the boundary surface F and Lij(/) is the

operator of the classical theory of elasticity, that is,

Lijð/Þ Z mDð/Þdij C ðm ClÞ
v2ð/Þ

vxivxj

:

3. The approached estimation of elastic modulus
of periodic structure

The problem of determination of properties of periodic

structures is investigated within the framework of
the statement of the cohesion field model. Let us consider

the formal one-dimensional statement of the problem.

Projections of the load and displacement vector are collinear

to the longitudinal axis, Xi: RiZrXi. Then, the variational

Eq. (2) is reduced toðl

0
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C
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Let us now consider a periodical structure, which consists

from N fragments of the matrix (with the characteristics EM

and CM) and N fragments of the reinforced material (with the

characteristics ED and CD) and establish the estimation of the

effective rigidity for this composite material. To do this, at

the first stage, we shall construct the solution for each of phases

of representative fragment of the composite. For a model one-

dimensional problem (3) such solutions can be found easily in

the analytical form. At the second stage, we can obtain the

exact solution for a fragment consisting of two phases with

regarding all the conditions of contact. At the boundary of

contact of phases, the displacements are equal, the normal

derivatives of displacements are equal, the classical stresses

(static multipliers at the variation of displacements dr) are

equal, and the ‘moments’ (static multipliers at a variation of

rotations d_r) are also equal. Finally, knowing the solution for a

compound fragment, we can arrive at the formula for its

potential energy. We can also calculate the deformation

energy of a composite material considering as a periodic

structure in which an element of periodicity is the two-phase

fragment. Comparing this relationship for energy with the

deformation energy of the equivalent homogeneous fragment,

we can find the effective Young’s modulus of the equivalent

fragment of material. In result, we can obtain the following

equation for the effective modulus:

E0 Z
1
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ED

s
:

Here, the parameter N shows the number of contact

boundaries of phases along each of the coordinate axes
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(the number offragments of the reinforced material along each

ofaxis);EM, ED, and E0 are the Youngmoduliof the matrix, the

inclusions, and the composite, respectively; f is the volume

fraction of inclusions; lD is the total length of the inclusions; l0D
is the characteristic diameter of an individual inclusion, l0

M is

the length of the matrix between two nearest individual

inclusions, Ef determines the Young’s modulus of interphase

layer, xf is a specific parameter associated with the length of the

interphase layer determined by the parameters of the cohesion

field for the matrix and the inclusions; the parameters aM and

aD determine the length of the cohesion interactions in the

matrix and the inclusion, respectively.

Formula (4) is of general type. It allows us to estimate the

modulus of elasticity of periodic structures in the framework

of the unidirectional statement for an arbitrary value of

volume fraction of the inclusions and for an arbitrary ratio

between fractions of the matrix and the inclusions. It is

important to note that Eqs. (4) and (5) show dependence of

modulus of elasticity at distances of the order of the size of

inclusions. Properties of an interphase layer and effective

properties of a composite as a whole depend on the ration of

the moduli of elasticity of the phases, on the dimensional

parameters of the model associated with non-classical

effects aM and aD, (or CM and CD), the volume fraction of

inclusions f, and also depend on the size of inclusions l0D:

Dimensional parameters of the model aM and aD define the

properties of a given matrix and the properties of a given

inclusion. These parameters are supposed to be determined

as a result processing of experimental data for all the

spectrum of the volume fractions of inclusions and

diameters of inclusions.

For reliability, it is desirable to base the results on the

results of experiment, which describe properties of a

composite material with the fixed mechanical properties

of phases, but for various volume fractions of inclusions and

the various sizes of inclusions. In the work [10], such data

are presented for two types of composites strengthened by

glass particles with two various kinds of matrix: (1) epoxy

resin; (2) unsaturated polyester. Having found the par-

ameters aM and aD, found as a result of the processing of

experimental data (the inverse problem), we can construct

theoretical dependences for effective characteristics of the

filled composites. If the model describes the behavior of a

considered composite material adequately, the theoretical

dependences obtained will give good agreement with

the experimental data for all spectrums of changes of the

volume fraction of inclusions and the sizes of inclusions.

Thus, the theoretical dependences can be used for prediction

of the properties composite materials with given character-

istics of the matrix and inclusion if the volume fraction of

inclusions and the size of inclusions are changed.

Furthermore, it worth noting that Eqs. (4) and (5) allow

us to consider a special case when the size of inclusions and

the size of a layer of the matrix separated the inclusions

considerably exceeds lengths of corresponding cohesion

zones: aM(x1Kx0)[1 and aD(x2Kx1)[1. In this case,
the parameters of an interphase layer are defined with the

aid of the following simple equations (instead of formulas

(4) and (5)):

Ef Z
½EDaM CEMaD�

½aD CaM�
xf Z

ðED KEMÞ

½EDaM CEMaD�
(6)

Effective properties of a composite material can be

defined using the following formula:

E0 Z
EM

1 K ðEDKEMÞ

ED f 1 C
2xf

l0
D

 �h i (7)

Eqs. (6) and (7) are simpler in comparison with Eqs. (4)

and (5). In contrast to Eq. (4), it is possible to assume that

the effective modulus of a material here is defined with the

aid of only one additional independent parameter of the

model xf. This parameter varies independent of the volume

fraction of inclusions. In this case, formulas (6) and (7) are

thought to give us the micromechanical description of the

filled composites with the small volume fraction of

inclusions. Then, the general Eqs. (5) and (6) correspond

to the nano-mechanical description of materials.
4. Identification problem

Let us consider the problem of determination of

mathematical model parameters based on formula (5).

From mathematical point of view, the problem of

determination of parameters of a model such that theoretical

data fit experimental data is an inverse problem. It is

formulated as a variational problem: find a set of parameters

that minimize some cost function. The model parameters a

may be determined from minimization of a cost function F:

mina2½0;N� FðaÞ: In the common case of nano-mechanical

description, the set of the model parameters a is defined by

the following values: aD and aM. The parameters of a

composite material f, l0D; EM, ED should be known for a

specific material. In particular, for the micromechanical

description it is worth noting that the set of parameters of the

model a is defined by one parameter xf (6), (7). The length xf

of interphase cohesion zone is supposed to be an unknown

constant parameter of the mathematical model.

Assume that we have the set of experimental points K

with the coordinates (Ee,fe,Re)1,(Ee,fe,Re)2,.,(Ee,fe,Re)K,

where l0D Z2R is the length of reinforcing element. The

problem of identification of parameters of the mathematical

model may be formulated as follows: find the set of

parameters a such that the ‘distance’ between experimental

set of points with the coordinates (Ee,fe,Re)K, KZ1,2., and

the theoretical set of points (Et,fe,Re)1, (Et,fe,Re)2,. must be

minimum. The ‘distance’ between experimental set of

points and theoretical set of points is defined as the cost

function F(a). For solving the identification problem (‘data

assimilation problem’), we used the experimental data from

the work [10]. The graphic data from Ref. [10] were
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processed with the help of special software and represented

in numerical form convenient for solving the identification

problem. The definition of a cost functional is important part

of the problem of the model parameter identification. The

influence of different cost functions on the model par-

ameters were carried out for approximate description of

composite structures. The comparative estimation of the

following cost functions was carried out:

L2 Z
1

K

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXK

iZ1

½Et KEe
i �

2

vuut ; F Z
XK

iZ1

1

K
½Et

i KEe
i �

2;

and Cabs Z max
1%i%K

jEt KEe
i j; Crel Z max

1%i%K

Et KEe
i

Ee
i

����
����:

The large quantity of numerical results allowed us to get

a conclusion that the best results may be obtained on the

basis of the following cost function:

F Z
XK

iZ1

1

K
½Et

i KEe
i �

2:

Taking into account the experimental data [10], the

parameters of mathematical model were determined for two

kinds of composite materials: (1) the composite material

based on epoxy resin reinforced by glass fraction: EMZ
3.41 GPa, EDZ87.5 GPa; (2) the composite material based

on nonsaturated polyester reinforced by glass fraction:

EMZ4.29 GPa, EDZ87.5 Gpa. A plot of the experimental

data for two kinds of composites is shown in Fig. 1a and b.

Lines correspond to various diameters of inclusions: ReZ
138.50 mm, ReZ89.40 mm, ReZ62.30 mm, ReZ61.40 mm,

ReZ31.90 mm, ReZ28.50 mm.

The minimization of function F was carried out

numerically with the aid of the conjugate gradient

technique [11]. The parameters the mathematical model

aD and aM (for nano-mechanical approach) and xf (for

micromechanical approach) were determined for two kinds

of composite materials. The following values of the model

parameters were received for nano-mechanical description:

(1) aDZ3.51!10K2 mmK1, aMZ1.0!10K3 mmK1 for
Fig. 1. Experimental date. Young’s modulus (Gpa) as function of inclusion volum

62.30 mm; 4, ReZ31.90 mm; 5, ReZ28.50 mm); (b) nonsaturated polyester (1, ReZ
31.90 mm; 6, ReZ28.50 mm).
the composite material with epoxy resin and (2) aDZ
2.19!10K1 mmK1, aMZ2.77!10K3 mmK1 for the com-

posite material with unsaturated polyester. To obtain

micromechanical description, we also found the formal

parameter xf: (1) xfZ27.63 mm, for the composite material

with epoxy resin and (2) xfZ37.06 mm for the composite

material with unsaturated polyester. Having found the

values of the model parameters for two types of

composites, we obtain the theoretical dependences for the

moduli of elasticity. The theoretical values of the effective

Young’s modulus of composites are plotted in Figs. 2 and 3

as functions of the volume fraction for various values of

the diameters of inclusions. The curves corresponding to

the exact nano-mechanical description are shown as dashed

lines. For comparison, we represent in Figs. 2 and 3 the

dependences, which correspond to the micromechanical

description (solid lines). These dependences are true only

for small values of a volume fraction of inclusions. In

addition, the experimental data specified by asterisks are

shown in these figures.
5. Results and discussion

In accordance with the results obtained and graphs

represented in Figs. 2 and 3, we may make the following

conclusions. The theoretical results obtained in the frame-

work of general model and calculated by formulas (5) and

(6) are in good agreement with experimental data over the

whole range of values of volume fraction of inclusions and

over the whole range of sizes of inclusions under

consideration. This conclusion holds true for the both

types of composite materials under consideration. A

particular case of the general model, micro-mechanic

description, may be obtained on the basis of formulas (6)

and (7); the dependences obtained in this case are in good

agreement with experiments for small values of the volume

fraction of inclusions. Recall that formulas (4) and (5) are

obtained on the basis of the exact solution in the framework

of one-dimensional model that takes into consideration
e fraction f: (a) epoxy resin (1, ReZ138.50 mm; 2, ReZ89.40 mm; 3, ReZ
138.50 mm; 2, ReZ89.40 mm; 3, ReZ76.40 mm; 4, ReZ62.30 mm; 5, ReZ



Fig. 2. Young’s modulus (Gpa) of Epoxy resin reinforced by Glass inclusions as function of volume fraction f.

Fig. 3. Young’s modulus (Gpa) of unsaturated polyester reinforced by Glass inclusions as function of volume fraction f.
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inter-phase cohesive interactions. The adventure of this

simple solution is that it may be represented analytically. It

is obvious that this approach allows us to get not exact but

approximate estimations of the effective characteristics in

the framework of three-dimensional model proposed.

Nevertheless, from the graphs shown in Figs. 2 and 3 we

can see that these estimates are accurate enough. It is worth

noting that, on the one hand, formulas (4) and (5) are

obtained on the basis of one-dimensional statement but, on

the other hand, they correspond to the exact solution and,

consequently, these formulas are true over the whole range

of values of volume fraction of inclusions. Considering the

results obtained it should be also noted that the solution of

the problem of identification allows us to get the values of

the model parameters for the inter-phase layer aD and aM. It

is established that aM!aD for the both types of composite

materials. Taking into consideration that the parameters aK1
D

and aK1
M have the dimensions of length and, in fact,

determine the length of the inter-phase cohesive layer in

the matrix and in the inclusion, we can see that the values of

these parameters obtained are in good agreement with the

physical sense of the inter-phase layer. The inter-phase layer

is generated in the each of phases in the neighborhood of the

contacting zone; at that, the depth of the inter-phase layer in

the matrix (the phase with smaller rigidity) is greater as

compared to the depth of the inter-phase layer in the

inclusion (the phase with greater rigidity).

Let us discuss the qualitative properties of the proposed

model. Generally speaking, the problem of determination of

the effective parameters of a composite composed of

homogeneous matrix and small amount of inclusions is

solved [12–15]. To take into account the finite quantity of the

concentration, we may use one of the following methods: the

Mori-Tanaka method (the method of equivalent inclusions)

[15], the self-consistent method (the method of equivalent

matrix) [16,17], and the method based on the analysis of

periodic structures [18–21]. The publications devoted to the

study of effective characteristics of composites may be

conventionally subdivided into three groups: the method of

effective inclusions, the method of effective matrix, and the

method based on the hypothesis of three phases [22]. Let us

now demonstrate that the model of inter-phase layer

proposed in this work include all the three methods

mentioned as its consequence. Let us consider one-dimen-

sional statement for a two-phase structure. In this case, in

accordance to the classical theory for a two-phase fragment,

we can use the Reuss formula for determination of effective

properties of a composite. In the case of two-phase material,

the modification of this formula based on some additional

hypotheses (the method of effective inclusions, the method of

effective matrix) is in contrast with the theory of elasticity.

The theory of cohesion layer is a non-classic generalization

of the theory of elasticity. In the present work, employing

the theory of cohesion layer, we obtain a formula (4) that

is similar to the Reuss formula. Consider the relationship

for generalized rigidity (4) (the generalization of
the Reuss formula) and rewrite it as follows:

l

E
Z

ðlM K2Nxf Þ

EM
C

ðlD C2Nxf Þ

ED
;

xM Z aK1
M thðaMlM=NÞ; xM Z aK1

D thðaDlD=NÞ;

l Z lD C lM ;

xf Z xDxMðE
D KEMÞðEDxD CEMxMÞ
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Ef Z ðEDxD CEMxMÞðxD CxMÞ
K1

The model of effective matrix, the model of effective

inclusion, and the model of three phases can be obtained as a

consequence of this formula. In accordance with the model of

effective matrix, we get the following values of effective

rigidity:

l

E
Z

lM

EM
�

C
lD

ED
;

here, the effective modulus of the matrix EM
� can be

calculated from the relationship

1

EM
�

Z
1

EM
K

1

EM
K

1

ED

� �
2xf

lM=N
:

In accordance with the model of effective inclusion, the

modulus of a composite can be determined by the formula

l

E
Z

lM

EM
C

lD

ED
�

and the effective modulus of inclusion ED
� can be determined

by the formula

1

ED
�

Z
1

ED
K

1

EM
K

1

ED

� �
2xf

lD=N
:

In accordance with the model of three phases, the modulus

of a composite can be determined by the formula

l

E
Z

l�M
EM

C
l�D
ED

C
lf

Ef

;

where the properties of the phases are determined by

the moduli EM, ED, and Ef, respectively, and the lengths

of the phases are l�M Z lM K2NxM ; l�D Z lD K2NxD; and

lf Z2NðxM CxDÞ: Thus, using the model of inter-phase

layer, we have an opportunity to provide some grounding in

theory for the hypotheses discussed earlier.
6. Conclusion

Employing the non-classic generalized theory of elas-

ticity, we propose the model of inter-phase layer that takes

into account scale effects. We obtain the relationships for

the effective rigidity of composite materials. It is shown that

theoretical results are in good agreement with experimental

data and thus may be used in the prognosis of the behavior

of a composite in the wide range of values of concentration
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and diameters of particles. The model of inter-phase layer

allows us predict the properties of filled composites both for

the case of small concentration and for the case of large

concentration, for arbitrary relations between rigid phases,

for a wide range of sizes of inclusions (non-classic behavior).

All the results may be obtained in the framework of unified

approach with no additional hypotheses. Using this theory,

we can determine the parameters of an inter-phase layer, its

length, and the modulus of elasticity. At that, the parameters

of the inter-phase layer are completely determined by classic

and non-classic properties of the phases.
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