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Abstract  In thepaperthe: highor-ordef theory of contintvus medis with conserved: dis-
focations is. developed to-describe the spectrum of cohesion and superficial phenomens. A
now kinsmatic intirpretation of dislocationy 1¢ offered, that’ efitcts the -Connection of dis-
tocations with distorton; with change' in volume (porosity}, and with twisting. Theamain
aimyOF the papar 1§ toreceive the stroni thieoretical- jastificadion for famous hypothesiy-of
Barenblatt abéiit soheésion: field neartop of crack.’ A new variaiits of the fractore critsrions
adve discussed thar Based on'the of the theory of media with micrestructares, connection of
the length of the cohesioi interaction zone (a new physical constaney with parameisrsof e
fracture mechanics is established.

Keywards M-Qlii_é%:aie meﬁe%mg “Cohdsion field - Adhesion - Fracture

1 ‘intrﬁducﬁﬁn'

Incpresent research work: the: higher-oider theory of continuous media with-conserved dis-
locations is dctei@pxd to describe the spectriny of cohesion and supwﬁuai phesiOHiey
The special attention. s paid 1o the analysis of- kinematic retations since i the Framework
of Vanat:ma&i deserxpuuﬁ thé, klmmatms of mﬁdmm fuliy deﬁnzs: the: svs‘iem ef mtem&F
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(fundamentals) and the statement of boundary conditions: for mubi-séale modeling of the
material are given.

The presented generalized continuum mechanics model is a theoretical model in which the
sarfac@ tracti‘&m t}ig 'menisc&é wetia‘bi]it} and cag’}iﬂari‘&y ar&r mﬂdd‘fﬁé a% ;’}ai’iimlar the: sca] e

out kmf.,mam :maiya <a nmd Ciﬂ‘iﬁﬁtdﬂﬁﬂ af di’s (}caua% is csff«::red (‘iu; Lum aac? Be,iatrv
2008, 2006}, Applied closed theory of the media with microstructure is proposed. witich
aliow to receive the strong theoretical justification for famous hypothesis of Baenblatt (see
Barenblatt 1961/1962). As a result the nonsingular stresses are modefled in top-of a crack
(nenclassical effect). It is established on conpection of length of the cohesion interaction
zone {a new physical constant with parameters of the fracture mechanics,

The variant of criterion of fracture, which is the eriterion of the macro-crack appearance is
g}r@;}{)ﬁsd “E‘he cz‘itariorz of the cracé‘é‘ e%«z;vdﬁpmsm %a offered wizh ﬁsi'rzﬂ s}f’density of‘ supurf -

In preser;i rssearch werk {he h}ghu—@fder ihwry oi s;(mtmumss me(ha w:th mmarved drs -
eations-is developed ro deseribe. the spectrum of cohesion and superficial phenomena. Let’s
present: shovtly the kirzefr;aiik:ai basics ef ihe ihemy, constitutive. equatians, mat;hemaaécat
mrtzsimnal fermﬂiatwn of thes L

equaﬂens {sw Bekw zmd Lnne 2@()6)2 a

f!f

iy =R ad iy Oy = By LY

hete dip = ¥in + (/368 — wp 3y, R; is the continuous displacement vector, o i. is the
distortion tensor, ¥, is a strain deviator tensor, f-—<change in volume, wp——veétor: ﬁf’ elagtic
spins {a psendovector), J; it 18 the permutation symbaol, §;; ; 1s the Kronecker delta, 8 is a
seeond-rank pgemdﬂtenwr and. deﬁ:nes an zaeomga&htltty ail di splacemems et éxé,p iacemems
(De Wit 1960y ettt B A

- The Pa;pkev;eh homogenegus eqx.zaaans a‘m i 3&%, = G eat be mzerg}mmd 5 the: existence
condition for the. vestor potential R;, then the displacement vector. R; is & veetor poteniial
for the diswortion teasor: dg The: solution of thc Papkcwmh aon«hemeg&ﬁem& equations.can

be rep?cqmt@d a%’ £h{: ﬁﬁiiﬂmng gumf cff = 5 i R, J, ~‘r‘- whﬁré dg m the aeitﬁ;{}n

i;ars can b wr;tten for it: e:f;; ﬁ ¥

one cart cms;der ds'the generali?uﬁ drapiacamu;is the fgi}t)wmg {;z;ant;mﬂ, y : w“ and 8‘*‘
So. definitions of tensors of free distortion, d}‘ and constrained distortion, a‘(; are intro-
ducuj The defective (ﬁ‘;pia{,(,mcm field represenﬁ% the supcrpmt{mn of vwo fields: R; and
Jmf{}f;; + /D58~ wf Dyuddys; (R +j;% 7 o+ (/D55 = of Sug}d};} How-
ever, unlike of the Cesam f:}rmuias the above mtegrand does not satisfy. the integrability
conditions {}’m ﬂi-(}g?}t? Sin = @y S;nélrm wm j di;‘m e R "'"f} e
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Bafenblatt’s hypothesis as formal comollary 153

Theee types of disldcations are defined, namely related 0 y,5wf and 6% 2 By = byE +
R385 = wf Dilon Dumy = (B0, (814 + (& . The quantities (2,351 (Biyls,
amied { Eiphy atethe sotweek of the conresponding thide types of dislocations: y—dislodations;
f-histocations and er-dislocations. ’T%xe law of conservation of dislocations has place: 2.

Eijyj=0

T?zc, integral ana}fwuss of the ]&W 0§ as:mm,rvau{m o! dﬁi@{amns f:aa %}z, wrsits,n as, f’ai Tows:

/[/E,;,dv ::_#“Uﬁ;d;f G

The sources of the corresponding three cypes, of g sk}aa{mm {.4, iy {u”}@ anii {w, ;54, are
satisfied iw the conservation laws se;mmmh,

i
integration; ry is a constant aermai vector 1o the plaz}e of comour of mtegramn* and vectors
85 Uty f{rr_m the: veewr Z}aSis atthe current pemt of thevonitour. Then'a Burgas VECHE i%
introduced:

o

fr; mfdg}:ﬁn—}!?,; 3B jmntds = // E;gﬁ'ndf =5y ff:@;—,,‘(éﬂ-' e

Theee typeof a Bm’gms vector (B j}, (hide, by Yo b5 mzmduced mmg ‘;ugg:‘:sted classifi-
cation of three type of dislocation: , .

I
"‘%‘”i_“}g%‘d“z}(

U= // LfvdV +§§§Lf; dF. Uy = Uvidg.d“f: B t;-';% #'szw;;- '—j’gg)

Statmg pi}ysuai Imeam} e}i the. modd {itt, deﬂsm: «;JF ;imizmm} emrgy U of the rmdr:i in
(3} can be found in a. bzimi:ar qsﬁadmm ﬁ)rm of its own arguments of the (Ezfterem 1ensor’s
dimensions; -

yMZUv{dﬂ du:%)wzgfm(j)wﬁf‘ st - (4)

it if i
wheﬂ, Gi‘ﬁd& mdmx,,s cz {gz s, 2 A-denote the space. of. generahzed kmemat;c vanahi
; j S (i i y‘ Com {,{ ix ey ;im is the tensors of elastic coefficients.
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Fer isotfopic, nonsymmetrical model of bodies ¢; }im 15, i (4) the: isotropic: tensors of

fourtl rank, constracted as a prodt,zf:t of ihe ;}am @f Kronecker’ f; tensors with all possible
permutations of indexegs, cff : c; &,&m e c», 3?;33 },ﬁ + cg émg ;,}, {iur symmumai

T
model'cy G &5)
2y = (&5 + & )il + /3 (3657 4 o5 “*”fuﬁ)gw S Gy LA

= 2y M;’%}{w’*%zﬁf 10108 2y Pt wff N

1£%F are the analogs of the shear me{iaii' '2?,:: f’ £ 3 d@ﬁm{i the sp‘mﬂmi im@;ozﬂ; Padd
are if';i, t%z;r{f Lamea C{Eﬁfﬁi‘ieﬂ{‘w %‘{){‘ nonsafm' ézmcai mﬁdei '

if

il Cx;fzmdr;ﬁdh + e{;fmir i ""?j } av

(/2 ﬁ,( (b = roun ) 8 = 1) Argumd #lar 7

The constants in the bilinear quadratic fmrm in Eq. 7 are, therefore, physical mnmnts of the
model and thus establish a generahmé equaimn t"}f the Hook’s kaw in t%re voimm and on the
surface {constitutive. mlatmns) L . . :

SR & | i2 & i g IR _
Oij = :jn‘mRﬂ!m "’"cufzmdffm*- Fij % Cner gﬁ H "Lcunmdﬁm‘f ey =:“’“t-‘cz'j~::;;;:‘ff"f-ﬂf:‘:

A’!fij - Aijnmff;g-p (.531;3 . nm”p) U R ST (g}

are moment stresses on the. surface, :

Equations. 7, 8 give the mathematical: fermu}atmn of the, themry fo the medpa:'wstb con-
served dislocations. -
Terzsm‘ of mc}dai&s of. elaskgmi 'wzth_ fad@x_ '

here a5 are SLrEsses, My are moment stresses mn.the volume, Pij are dxsiacaimn stresses, M;;

i the case il el F- ?’L- o, the muttiai disturbance of a ciasswai dtspiacgme:t field
purely distocation states occurs. The cmss»»fmked terms in iht, Hooke's aw for o} and pi ]
reflect ihtﬁsn dxsmrhan{:es R :

The part of the strain anergy deasﬁw ra&amci m {he dzsk}catmn (ensor Cj;;; - u, j Enm dbﬁﬁtﬁ
thﬁ mpfdiy var} i ﬁg lcx,a[ pdf‘i {}f tfm p{}zemza e,m,rgy {‘}f dzsima{mns Tha, ramammg par{ of the

following’ ihree fypef; ef’ dis] esamm yﬁdisimazmﬂs ﬁ"'"‘" islocations i M}ﬁma’tmﬁs
Hence, zhe slow varymg part Uf the stmzn em.zrgy d{}% not cm‘tlam aﬁy cmzﬁ»hnkaé ifil‘?ﬁ%‘ af

n_agtefst the faeaé rap;e‘ﬁy. *x«afymg .par:: a.?‘ cﬁ@rg.y, Hﬂr@x
of the potential energy: density fito the components of

ce distortibn ﬁz‘;kés»:'gz{a«:é”inéeed.
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Barenhlatt’s hvpothesis as formal corollary 188

Fhe potential energies of free distortion, change of volumesand torsion, do .ot have any
crogs-Hnkid terms. So, the potential energies of the mrodined types of dislocations Can bhé
added to each other, and they can existisolated andindependent of othersorts of dislocations.

The proposed Ciﬁ@&iﬁé&iiﬁﬁ makes it possible o predict special ases of media with'the
Qﬂﬁﬁbﬁ?iﬁ dislocations; wherr in cominsous. médivm ptiévails oply: oneon twe fypes 6fdis.
focations. I fact, the. offered elassification-allows’ prediction of certain particular Cases of
disloeations $hen only one of twofypes: of dislocations are dominating in the mediv
We can do iintroduciag different definitions for frde: distoption: fetisor d‘“ For example,
i the medinm with distributed curls the only dominating dislocations are: ﬁms:, generated
by the free rotafionat deformations ¢ Wié . A Pclasgioat® typie of the Cossermt media model
for which }»}“ = Qand 6% 5= O, and the free distortion ehsor i determined by 4 selation
{}‘5? 2 wwi 3k, can be oblained as a particular case of the general model. Analogously,
thie-portes medium lse can'be é{m%rd&:x‘&d asa parﬁ‘c&i&f case of the general miodel. Ththe
porous medium. the only d{}mm&ﬁmg ‘dislocaticns s ‘thoge serared by fiee volume ch&ﬂge
F}’“ Therefore, for the porous medium with four degrws of freedom Ry, 65, we get wi =0,
;v;“ == and d“ (1 ’i}r’-} 55 En such pamcu}ﬁr ma}dt&is itisp s&ibile e reduce a numhm’
ﬁf degrees of tr@ud@m? which subs;%anml?}f iagzhtsztes the am,ysgs of the separate properties
of media with the ca}n&u&ﬁd dislocations,

Note that the wide setof the particular applied theory of m:es}zd inthedisplacements withsix
houndary conditions at each regular point of body. surface ¢anbe received using genéralized
Acro-Kuvshinskit’s hypothesis about the. proportionality of free d;smmaa tensor and some
linedr combination of components-of restricted deformations: S '

d.wﬁ}e& A&;“%“[}R, +CR; ;M{E;zMR;;, »_ . ) _ (9}
" where a;,;}a = aé;;é[\, do (B 4 c)é;pf‘)‘w + {b {3&@{?;3

The different particittar models can be established by meme (31 choositg parametem a.b, o
in Egs. 9.

3 Surface hasics of the thesry of -eonﬁnpqns.meﬂia_-with_eense-rveé\tiisiematirms

The surtace pﬂ{muaf energy mli Have d-form of a quadratic fancton of only six “plane”
mm;}{memt, of free distortion d it e ng) and the-adheston modufus tensor: Structure
of the adhesion moduiufé fensdr, . A; - 1% determined by its {ia,ccfmp{isman info the fourth
rank tensors constructed as all pm%bk products of pairs of “plane” Kronecker's tensors and
the tensors formed as products of unit notmal vectors of #;n type, with aft e possible poer-
mutations of indexes, In addition to thal, we wilt ke into account that the potential éncrgy
of adhesion should not depend on the components of the free distortion teasor having a Jast
index equal to the index of the unit normal vector (o the sweface, As a result, the adhesion
modules tensor can be represented.as follows (see Luriz and Belov 2005; 2006):

Aij,‘rm = E’L {;5;‘5 - ﬁ-z‘f?-j} G — Aptiy )+ I Hilly E\Sjm By ]

% (B~ Riﬂf?x}{gﬂz o fi-jffrz}} L (10

where 7 isan adhcsi’an analogueof the Lame coefficient, u* is the adhesion analogue of the
shear modulus, ¥ © is-an adhesion analogueof the second’Lame coefficient in non symmetric
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theory of elasticity, n1/ - is an adhesion analogue of the Winkler rigidity of an “internal upsdes -
fayer” of the surlace produging the réactiol'moment: proportional to the freerotiations of tizf,
midlne of the surface (the nearsurface dJayery intwo orthogonal direetions:: s
rcan be shown {see Lure and Beloy 2005,2006) that this adhesionmodulos are desm %?u}
the effect of the surface tensiony effecis of the distortion and orsion in the plane ngent
the surface vorrespondingly, that are modeled friction of two half<spaces with iedlly smooth
contactsurface; and at Im& the e?‘fezt af” surfaw b@,ﬂ{é;ng, timt repres?ems the: deform‘moﬁ of
E,he sinner Wﬁkl@r s;?rmg% 2o _ _ Co : ~

4 Modeting of the cohesion field = -

Léi s .C{}?ﬁ&id)%i‘ the gr&dieﬁi afzpﬁéﬁ hices

%Aﬁm K{W&hmbkn % medd rf:*;g}ec{

The Lagrangian and variation formulati i
szd af Eqs:; x5

to dispiawmwi véctor only gait E}ﬁ wmze, .

w0
@y ;

. W(I’;z} Ai}?szmm R“*{dF S S e S S e e {12}

here Cjnm and Agjnn are generalized damaged moluli of elasticity in the volume and on the
surface, that can be written as
C”P{f' : mcfi{‘q - z{CtI;r? jaf}ﬂff} ‘}‘ (61 jszm aﬁm" ¥ HUP"!}
'+€[i“"}’35rp§ 'i“(fl }5}5 q&p,_ . {13

s

k= { “fu-;»”}mz(’;m«zb;{z;ﬁ%

(2;?[#” ;éb;zizﬁ-@éz[zﬁzz} ' o L ._ .

#’ . ” mdbﬁnwf__ﬁibz 24...' Xm){*"”é{i_,{ '{“4(, ,.‘{"'l,' R

and o
Az;»zm = {4(&* + b} Q‘ + g } ézﬂ*{ E{é"z; = ﬂt”j){&mt - f?nffm} e

+ €b~é~_¢) :5_ @::;;(5;_,,1 A e

+ 47t + c:Z;{F)'(c?m n,ﬁ,;}(ﬁjm -’?;‘fim}“%— At~ Fy 4

X By ﬁ'i'f?rﬁ'}{ﬁgﬁ; - ?Ijh‘:,f}} :

+43a + 26V (0 + uﬁ}fzmﬁﬁjn,ﬁ e (= V8 (8 it I it
Note that- pf'; 7, % and 87 are the damaged adhesion medulus. As pacticular case the

more-simplified adhesion model (Lurie etal. 20067 can be received from Hgs. 14 Assume

@-_:Sgriﬂg@;%



Batenblat's hypothesis as formal corollary 187
thatze! =5 © =0, anda = —b =c. Then we can find the following equations for adhesion

modilus:
fi jfre’?'f T f}”;??jﬂfr; = A?’f fi;gfi Hm ‘”é" E{@gﬁ- e ﬁgﬁg }ﬁ ?2;; .

we o A?ﬁ rz,;ﬁj{zm »% 4{: 5 {ém = ?ig}f’jﬂﬁs

in the Tast a,(;wﬁ{m gonstanis A and B have the cﬁmx ph}rqicaf smst The a,ﬁefﬁmem B s
responsible for the surface effects at each point of the surface within the ms‘}gentsai plane: the
umiiscmﬁ A 1% rzﬁp@ﬂ sible. ier Eh@ azih@smn interaction mrmai 0, ths:: surmw :

can be easy ﬁ%idf‘fkshﬂd TR
o == dly JAR, . ;,'_ C g = U pLOB ., : ,
ij = Eii;wﬁw . Mg = 3&1;;’3{6 k } (153
Here o;; and a;; are stresses in the wmm;, and d{ihéﬁl{}ﬂ biEﬁ{ySt)S on the swiface, my; is the
moment stresses and #1y 18 the vector of forces associated wi pi}rﬁﬂb disloeations

The Bgs. 11-13 are defined the closed generalized of Aa,;gj_:iiiwgu,ns;ki;, 5. model.
The ftaifawmg lhmfc,,ms have p%dca

’Fhenrem 11 For fzri)ztmﬂ vector ﬁekf g}i t!@e ﬁ;i&mmg variation ﬁ)rmz;iaf:m of the Aere-
Kuvshinskii's model has place {far smooth contour): .

. R ‘,} if = . -
CShe A0S 4 PY LRV
JJ dx; !

-%v;#j[[l’f w‘z;j’ﬂj (55” wnpﬁj);u]é?i? fa Rt} dF =0 (16)

Tij = 0 B "3”5 {Digg ik — Zpkgran biy— 0 - ;} _
bij == aj; ~}~m,¢n@w - fi,!”}m;qnq ik +'2}k§&?;ﬂg Bipr §Mr (1

2 Ezguﬁﬁfbréum équ-ari'an.s in {16} have a classical view for tensor v;;, which we will call as
“classical” tensor of stresses.

3. Additional jforce. LQ(,IUI" B; i;'{ég;‘,” ma'z';;}f',)b, g deﬁnes arm LfﬂS&iLﬂf ef}’ears in the

boundary conditions, Bi is the plane divergence of iensor b;: Iz which we will call as

rensor of Barenblatt’s stresses. In Eq. 16, P:‘ and. PF are vectors of given.densities of

loads in the volume V and on the surface F.

Theorem 2 1. Equilibrivm equations of generalized Aero- Kma“kmsku s molel in displace-
yaent can be wiitten in the following alternative Forms:

ia) L;;;.{f; 1R :-ggge}ﬁfek ;ax'ﬁz}x;}? ~ gga-'zs(f{ }- - awR;;;fax ﬁm} + P"’” ;.-_ {}-
Liy = L;E{} = {'ﬂz 4 .&}(3 {3*’&1;33@ ' {;z ~%~ }:’)(A( }5;; - (}fﬁxﬁ?x,) is
clessical Lame operator, gy = 4a* x“,«fﬁ‘u A, gy == {!)Aa:}‘“(;ﬁﬁ Fx Y Gt 3

2. ?Eée fbb‘{m mg fwo ﬁm}: solutions Qf I/té‘ éthf}rmm eqmnons can f'}e pr{;pme:!

fa) U= Ry = g’ (Rf}féix;mg g2§Af}?)-(i (Rj;;&z {ix;j.:mdi,”{b S P ,_'gg}
or L(if ¥+ PY =0, here L(U} w2 LUy Vector fanction U s satisfied of the
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188 sl e B A bane, B AL Belov

rlassical eqguilibrivm ngﬁﬁm’ and: we will call one as “clossical™ drvf}faceme:zf

VECI o .
b} u; = “ngC}L{f?} *-*{Ifﬂ)ﬁ};g(f{g‘} am M‘i (i) = M Slag) o+ P"" _
ME Gy = | S MEE fé‘%{f}‘z( SYGRIT I

g2l8 A0 ) - E% { }f’c}x}fﬁx;}‘ T _{ 3, g; 1 By = ng ¥’{ea{)rﬁ{mﬂ{):z Ny
satisfies of the non-classicul H@fm;g{}fz"’ fz;::e e@aczgmm in which corstant C is some
_ p:’zmsc&f«:a%mm: tet deze’fm?#ﬁ the ‘wf {?}’fﬂ}“{fé‘ff{?i‘lﬁ Mf Wffi cm’fzf £.48 Cz}fze';wzz
_ dziﬁfﬁ(’é’mﬁﬂf pecmr P

3 Am soiﬁzsﬁfz @f zhe e‘qmm’m L;i%“: (1-2}‘- e {3 Cé?.?! E?e m&mz:’m&*‘ ax }% ey rae

4, Asssmezfm{(j {?;_{4..}?4}?4{{ X%‘% . (;AT?(} f{bwc} {31

(’ a} physical constants ;z, aﬁdﬁi‘% . mfz be fa;md fmm can*;ff:ﬁz‘ C:

*(iiC}[w*;{}‘”‘féwﬁ}‘M~€2m +}d }

(b} the ffj‘ﬁow..‘.ﬁé’ rgfgf#fﬁr‘ zzv;ve* 7 , _ _ e _ o
MG ;mzﬁf ), and b¥~ﬁ(¥gC}LC€P€ yor U-' {i_;é}['&};(m ~ '(';;.cf}i@{!mz_
{c} the following expansion. kzzs jficchz f€ Lf e . | L
Ii can be easy proof: U = (1] CIES(Ry) = & - (;}{i»::}i;_{giz’@; = B+ i
Theorem 3 if gz o {} then:. |

1. The fm’.{z_;wirzg sxmpa’{ﬁed _ﬁ;:}i;?i‘i‘_‘;&_?‘c;.l)j@ model af Efag_ cohesion field is ﬁ)}’z}w!aied:

L= A {Ei23ff/ ijnm mm Rn} “‘F"CH “t }dV - (§;2}§ erm,Ramn Rs'sjdp
(18)

wihere if = u{i,!C}L{R} or g = —{ VO AR T
2. 'Fize faffawzizg ccfmequence f%*mf;' mm 'th@m' r cmd Theﬁfem 2. ;

Ci:}ss;c:ai stresses in EG‘S 16, i? ciifl be: wnt[m Gfﬂ}‘ rmm daSsi{:ai d:spiaaament vu,tor
iy 1f we will put g == up in Egs. 17: S

R :‘;5;.»;;_{'&-; w;g,(-if;; i 'é#:{z’;‘_,;'}' -
Full stresses o5 == Ciim Ry, is lingar cc}mhmauen fmm ciasmai stresses gy and C{}imsm;;
stresses f; WC‘UM&” o o’;j = by ’
Cohﬁmn stresses are dc,ﬁrcc:é by th{i' f’nﬁowmg qu,nhhnum equatzen

ki = Cies F’ﬁ’ = O

Proposed maiza sa,al@ modd é@scnms szmukanamsfy ifn, ciaszzaai stress- straint state fdé:fiﬁ{;‘i
by the sthess wnid deformations tensors s i, }’i and coliesioh sréss- %mm smts wtt%; fensor
of cohesion stresses 1y, and with field of Cohesion deformationi,, . :
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Burenbiait's hypothesis as formal corofary 189

5 Nowsingular cracks

Assume thatadhesion phisical cotstamts in Eq. 18-are zevo, th other words the adhesion
propedties-are igndred. The followifig question:is. interesting: There aré exist the formala-
tions of the boandary probléms when the common problent canbe divided into the varelated
houndary probless for classical dt%f‘ia‘;tmtm& Uf aniel mf caheﬂmn d:spiammentx g pmb»

lemms separately ? S : T
Let’s consider the variation bc;und%;’y pmb Eii ( 18y ﬁ}r zs«;gfm«prc material and wse the

expansion R = U - 1

HA(U%A&;)M( fz;/ff ff* i +g;;e‘;' ’:fa ,g,,,ze ~;~Cu;u]dv
= L{U}"ﬁ*l(if} - ZA(H} *‘?“'{ )//f zclﬂm : .

Aftu some transforma{mm in Eq. 19 we can get :.he f-‘{}iigwing eguation;

SL = ALY — SA{u}

ff/ {1’;},,1 f{;J)+P }SUJ, a’Vw—# ra;"} I;J,n}w'”~}§(fjd
f]/ rgr}"b."leE“"”P ]51{}}(11{/ ’’’’ # [ o o
// [P"auj #{P Su; Wy 203

So, we established that the initial boundary problem could be fermulated on the full stresses
oy i TR T T, and colesion stresses. The similar conelusion can be m:t,wed aiter censndnr—

ation {}1‘ the b;hnear energetic f{xrm f:}r d;qp?&cemem vecters R R

E(R’ R} = // §2,';££;;8 44%99 Cu A }fii

i ;'g{;'-’;ﬁf 18 ]dﬁ“

ff(m ;'5’5;?}&«@*/] GOLLeBRav. @1

here & == d’zuk T o T ande" == a ﬂ}

Result, the bﬂandary conditions {:an be formufaied. aa,pardtﬁ,iy for cohesion and classi-
Lal stress. tensors, on the free cracks faces In gontrast to classical formulation the second
nt. th 3y gi\ s ihfv addmona} boundary concimcm , imh can be f{);fmu%azad cmiy
res;}s,c.zi{;« cohesion siresses. : o

“Fo receive more clear phy sical msutt’«; we comldu prob am 'zb(}m opcnmg cra{:k f’(}r isot
pic Baéy in pamcu!ar srmpi:ﬁ{,d double plane formulation using the fol Iawmg pmpmztmm
Ri¥; = Rix, yi.a B Xy = 0; here £X;], {¥:] are the vectors of morclmaia axis. In this case
we-have the following: vatiation formulation of the problemy:;

L= A=) [ [ (s Ros+ Quot 1Ry R+ Cunlddy,.

@:;Sg&ﬁi}ﬁgﬁf

AR

B B R AR Py

P N R T e R



190 co L 8eA Larte, B A Beloy

Taking into account (20}, {21} we can see that the stress state problem for opening crack for
sttnplified double plane formulation is constructed as linear combination of classical {7 and
coheston (tyswesses: ra= AY r V2 Coste /25, 1w A Ky b C T+ &€ ostip/ 2k here
AY A% arethe constants, angle yicounts out from, positive axis e This splutiéns are satisfied
the: homagfsnwm boundary conditions onthe.cruck:faces (x £ 0,y == Opand have the same
asymptotes pear the-top of crack o3 0. Using these. Setitions: &nai taking irto gccount that
t== AMR lr o/ C7 20 + #)Cos e/ 1), describes the cobesion ts.f;x, field neartopof: u‘ac,k
iis easy to find the nonsingular solution in the following form? R

W} . .},w-ij-i,ﬁ.} 1 C()é(éﬁf?t}

rae. o= 1/2or s e/ (A gt ik - : :
Equation 22 defines the nonszngz far stresses g v;c;mw Qf ifié, mp {}f e,rm,k Thﬁ,‘m stresses
have the classical asymptotical behavior on the isfinity (r ~ o).
- Let’s consider the J%\;mp{cticai equaim& which fo?k;ws from the Eq. 2

T ol —e e Pestery @)

Here @t = C/E, ogis Li‘a, s{}z‘m am itude _t:;f _%?k sirmsm amd E 2t + k;is_ai‘uz- mc:éz:ius
of a,iastzuty i : : oo

Note that upper and lower faces (}& iﬁt {«rack are uf;mﬁpand 1o the angles ¢ 2 -7 and
¢ = ~. Stress.o takes ona maximuin value on the. aﬁ;atdﬂu 1. from the tp ¢ {}% crack, which
can be found from the condition 60;(}{ Py e QR s easy to find g = aiy = 1 256431, So
we can define the nonclassical physical constant C from distance 7, (the length of Barenblait
zonej: :

C =g Blr? = 1,578619 E/r?

The thss O“ is aahtwu:f of tht; m’
can write (se6 Eq. 23y '

i ‘fai%ﬁ'g: pom!;r tedr fop a:’*g;;j-acfg {;5 x f};ﬁ"z‘jﬁe_ﬁ we

Omax = O (b = ¢4 }{g}”“? and 0, ~ 1. 5669 45,,}‘,1, (“q = ar, = 2564%2 )

It is ineresting to establish the rci&mm mtwa,m of ‘Eh&, maxzmum STresses gy and dis-
placements of crack faces. The d;sp%&&nmmi oi cmck fagw car Estf found by integrating of
equrations for sirés$es o ’ -

vlr, @) = Mo, /a ¥l — ‘”“’»}(ar‘)]f‘”S’!nEﬁﬁ/ZB
= omax (3, 1339480 £3(1 m,e' “y gar;lfészlfgqy;?)

) i ht v ¢ = _;7{‘) from 71 sﬁﬂwra on the Fig. 1. This
de;‘mn&emg has, ﬂhvmuaiy a mﬂectmn point i a vmmf;y of top of a crack "I‘f}e mm‘cimaia
of this point is toot of the eguation. 3"!}{3’ ¢ = ;fr}fér‘" {3,

'Lx, {.i&.ﬁmt the cmck opm dispt acezmcm as dn,_ Ea Lma,m ‘f‘vht,!'t maxlmﬂm (}f dtﬁpiaau—
mmﬁ has th:, mﬁccﬁon [mmt v o

§ = 20l @ =Ry = Ml faE T e“‘” )(({r 3“2 BT )

The polat s thf.; root of the u;u:z&z(m droir, p = Jz'}fdr" w-()

Springer




Barenblatt’s hypdthesis as formal corollary 191

Fig. 1 Dependence of the sl DT T
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Fig. 2 Typieal distribution of the Al
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coﬁszduéi:dn.Tﬁw we Q‘in-F ﬁd fmm Eq 24 ?;m; ,d)cntami »Qi%ue Qf Ehn crack epm {ﬁ;sm
placament

8 = 6. 267896(0 fa EY(1 ~ e & {ar }W a (25)
Let's note that some estimation of Hinited stresses o¢ lmm Errmied defwmaimﬁ Foocan be
received ustng simplified consideration of theinteritomic interactions fortwo levels of atonis,
The typical distribution of thése titeractions is kntswrr fiony gudatim mechanical spprogch
(see Fig.2). Assume that ry is the equilibrium intefatomic: distance :and ri i {h@ E}mlttd
interatomic distance; which corresponds to theoietical allimati Stresses ogi

- Then we can-usethe follovwing equations for appraximation Of die &yp;aa‘; distribution of’
the fterdtomic interactiony (ssa Fgg 23, thatis known tmm quanwm mechamcal appmaﬁh

o egSm[é;x/E}{r - f‘;;}{{ﬁ rg)t] = 6@55#‘![(2}2){6/8{ )} ;i, Eyoslod < b '

a-n‘di-cr ax ‘rf" :?(.~ < P

We m%erprewé vah:e; €r {f};rﬂ a8 fﬁn@ﬁn Strat g0 8w (5 gy, andigs s (ks — 1) g

Using definition £ = [{f(?‘!dg};gtg the ultimate: theoretic swrength op canbe found-in the
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following forms:
| a¢ = 2E(gefny, o G‘ﬁfﬁm 2eefm
Using of t?ié fast équ'aﬁgms; and Eq. 25 tead to the :f‘iﬁb;ing E‘z}rmu:?éifé%mﬁszéhé e
oo {E;’S ;mg;’m {(6 267896 /it «we“*f; aigg}i {g = ar, = 1256431

it is oby mu@iy that pbysma? constant C:-can be defmed thmt‘sgh specific %&?fﬁﬁc% mcrgy

v. It is enough o use th{, fammzs dei;mmm for vakmf ¥ owe can get 23} = .4, Then

ot

£43

Iy = Qae/7YES and € = (E7 féy il _,g;:ﬁgé, 26I89672 /(1 — e O] M is easy
find the constant Cusing other paraigeters of fracture mechanics: the fength of the Barenblatt’s
zone ., stress intensity factor and soon, -

6 About criterions in f&a-ei‘ixifé'meckaéifcs

1. We will use the definition 6f'a Barmrs véctor introduced in Swi 2 f‘or E‘Grmu%azmn G‘f thn
criterion of a crack | mz{zaﬁmn_ ,L,g,; 5_c.gn§;du, Burgers veetor

b; “% i’mﬂ;y;}jmgd,ﬁ T /\/Eflgﬁﬂd}:‘ = fiy /f E]‘H‘dF.
by = ¢ yiispds + :;- & H5ds -

%:J}}C 3;;155 ds =y }} {h{ g (b o

oF

We propose the ioﬂowmg criterion (9% a crack Imtmiwg

where K i3 some critical value,. :

To realize this oriterion we must define & » and to prapose detsn;t;on of the contour of inte-
gration for cgziwéatmg 92 t?m ﬂah% paﬁ m Bq 76 V&e pm;}ma w s éh;, i @Eiowmq cid:msmn
for Ky o LI PSS _ R

As a contonr ef' mtegmw:m for cal gulamrg; of the Burgers-vector.in a plane problem, the
;:iane centour bt circle: mih sadivg el 7 'ss-_,p.gézgags'ed;_-ﬁnag-_u_s&-sﬁi‘-his: radivg-is found as root
of B d¥ vl g = ) fdrt =0, Tins»v ;
cotiesibmzone in vicinity of 16p toorack:

2. The proposed advaniage: med%i in
'd&,scnbx not.only scate: affects.in. ; Y
sion- ;}mgerﬁesﬁ I eommon e &{s&e &une and ﬁ&tﬁx-,zﬁi}ﬁr 2{}06} the: dﬁﬂ&fﬂy {avf supﬁ,rﬁﬁ;ai
energy has four campomms gurfacg tension energy; the distortion eniergy and the energy of
torsion i the piam tangent o the surface c;ﬁrr@sp{mdmg}}f and the's energy of surface bend-
ing that connected with Laplace pressure. Then we can specify. the specific sufage energy
v and connect it with four mentioned above types of adhesion surface properties. To reafize
this- way we must previousiy to ind adhesion parameters:using. ‘;pwziie set of experzmenial
nvastigations: This problem is pot solved on present fime. SEEIRE
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Let's consitler the particalar Aero-Kuvshinskii’s model, Fqsl 12 18 and i
potential surface c,m,rgy. which is defined by the damage. This density of toer, yma be m&uw
preted as the energy of the new generated surface. Let’s introduce the foitowmé functional:

fI,}(Ji«Z R dF, where Dy; = Amingning + B8y, - Wiy W jl, (50¢ Bqgs. 14), and R =
{E}R” (bij;}??j = J R, /dn is the pormal derivative. s
Then, we can prepasa the. f@i?ev«mg focal and m{agi“ai critertons of the crack stability:

Integral criterion- ¥ > (1/2F) j}” E),jff R dF

Locdberiterion- y = (1/ DDy R R

Constant y is the gxhyszcai consiant uimawmi
tecanbe proved (sée E’qe }2 14, 16 and Lizﬂ?;; iai 20605, 2006) that 1);; is included only in
nopelassical boundary conditions af the variations of BRi: DRy + Cipu; = 0, where Cyj is
tensor of reduced mmﬁaia&s _Qszﬁg last bqﬁdtlﬂﬂ wecan find B = MI};‘;;C i ;. So, dislocation

corrections on the sutface connected only with quadeatic formyof cohesion displacements and
i(szi u‘:mma (}f Ehfz cmck ai&bz tity catr be written in the form:

:>~ (i micmﬁ‘d?{j@-}u ol ittt Lt e il

A

Fef more gemra% G e foEanm ygeneralized critdnon o e track’ st&bfﬁty cat b pro-
posed: The crack beeomes unstable when quadratic form of thﬁ ccximsagn d;splace,mmt in tht/
voliime dnd 'on the siivface o then soie Grifical’ cOns '

y < (ifzv;f//e:umdv +(1/2F) /f{{:i,gﬁmcm}ufujd:ﬁ

3. Let’s consider shortly the question about deflection of the known Hall-Peteh law: from
pru;memai d&tea for nan&uys%&f ine maaer;aia The Ha‘ii Peteh’s law determines depen-
' graif Sizi abd hs the

I o

This equation is. gnalogous wsih Eq 2’% and can bn I’"LCMVLLE by the s;m;!ar way fmm the
stmplified variant of the cohesion type model, Assame that vy = 0, and maximum stress
of cohesion field in some point ry defines the start of the instability. We propose also that
parameter rg = d deﬁms the grain size. Let’s consider dependence for reduced stresses
Fod{l—e ), g2 C/ 1k, that follows from Eg, 26,

Curves of Fig. 3 show a deviation scope from the faw of the Hall-Petch (the top asymp-
totic on the Fig. 3), in dependence of scale parameter a. The deviations from the law of the
Hall-Petch grow with increasing of parameter @ = 0.01; 0.05; 0.1: 0.5, In a qualitative sepse
shown curves quile correspond to the specified depeéndences for the micro-hardness (see
Gutkin and Ovidkeo 20033, which were received by the other way and have good agreement
with experimental dates if in appropriate way to seleet the parameter a.
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Fig. 3 Effect deviation from the S ﬂr_-*“f:é o PR .%ac? #=0.01.
classical Hali-Petch law for B ] ) D o
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8o, the aﬂafys}s show thai. Baz’m%}im{ s %zypathwq is vu‘y pmdmme f‘mm IhL pmm of
view of the theory media with confsérveéd disfocatfons. On the one hand it allows to carry out
expansion of the:continuam mechamcs meih&cis on:the fracture mechanics, .

Ackaawieégeme;sis The auihers aci;mwﬁeégg t}se sapp{m af the Russ;an i‘oundzmm 501' E«mdamemd
Research (N 06-01-0005 1, N477-01-133 .
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